Abstract. For a quadratic polynomial with rational coefficients, we consider the problem of bounding the number of rational points that eventually land at a given constant after iteration, called pre-images of the constant. In the article "Uniform Bounds on Pre-Images Under Quadratic Dynamical Systems," it was shown that the number of rational pre-images is bounded as one varies the polynomial. Explicit bounds on the number of pre-images of zero and −1 were addressed in subsequent articles. This article addresses explicit bounds on the number of pre-images of any algebraic number for quadratic dynamical systems and provides insight into the geometric surfaces parameterizing such pre-images.
Introduction
Fix an algebraic number field K and a number c ∈ K and define an endomorphism of the affine line by f c : A
If we define f N c to be the N -fold composition of the morphism f c , and f −N c to be the inverse image of a in A 1 K under f N c , then for a ∈ A 1 (K), the set of rational iterated pre-images of a is given by Heuristically, finding iterated pre-images amounts to solving progressively more complicated polynomial equations, and so K-rational solutions should be a rarity. The situation becomes more interesting as we vary c, which has the effect of varying the morphism f c . In essence κ(a) differs from κ(a) by excluding at most finitely many c values from consideration, thus, κ(a) ≤ κ(a).
The cases of a = 0 and a = −1 were studied in [5, 9] , respectively, and it was shown that κ(0, Q) = κ(−1, Q) = 6. In [5] a significant amount of effort went into the more difficult task of showing that κ(0, Q) = 6, assuming some standard conjectures. This article addresses the situation from the more general setting of allowing a to vary and examining the "pre-image surfaces" instead of "pre-image curves." We also allow arbitrary number fields K. Our main result is the following theorem. 6 or 8 a = the three 3 rd critical values 4 a ∈ S ∩ K 6 otherwise.
The set S is the finite set of a values (in Q) where the elliptic surface with two rational first pre-images and four rational second pre-images and the elliptic surface with two rational first preimages, (at least) two rational second pre-images, and (at least) two rational third pre-images both have specialization with rank zero at a.
The elliptic surface parameterizing values of a and c with two rational first pre-images, (at least) two rational second pre-images, and (at least) two rational third pre-images has generic rank two (Theorem 3.3). Thus, finding the set of a values where the corresponding specialization is an elliptic curve of rank zero is a generalization of the problem studied in [12] . Masser and Zannier have shown that such sets are finite [13] , implying the set S is finite. The critical values are defined in Definition 2.1.
The organization of the article is as follows. In Section 3 we examine the lower bound for κ(a) by finding the generic rank over Q of the elliptic surfaces corresponding to arrangements of 6 preimages. In Section 4 we examine the upper bound on κ(a) by showing that all arrangements of 2N pre-images for some N correspond to curves of genus greater than 1. In Section 5 we prove Theorem 1.3. In Section 6 we prove some additional properties of the pre-image surfaces that are tangential to the proof of Theorem 1.3, yet still of interest. Section 6.1 parameterizes the possible torsion subgroups of the elliptic surface corresponding to two rational first pre-images and four rational second pre-images. Section 6.2 examines exceptional pairs (a, c) that are excluded by considering κ(a) instead of κ(a).
We present these results for two reasons. First, by working with the "moduli surfaces" parameterizing arrangements of pre-images, our problem can be reduced to the classical Diophantine problem of finding rational points on curves and surfaces. Second, our setting provides a nice example in which elliptic surfaces naturally arise and we apply specialization theorems, rank arguments, height functions, and use explicitly that the geometry of a curve has implications for its arithmetic through the use of Falting's Theorem.
We make heavy use of the algebra and number theory systems Magma [2] and PARI/gp [22] . A similar analysis would almost certainly be possible for the families of maps of the form x d + c for d ≥ 2 a positive integer. In fact, for any family of polynomial maps of fixed degree it seems likely that the same methods would apply. For more general rational maps, at the very least, there would be additional complications for the genus calculations. This problem poses an interesting direction for further study.
Pre-image Curves and Surfaces
In this section we summarize the necessary geometric theory of pre-image curves developed in [4, 5] and then introduce the pre-image surfaces we consider in this article. Let K be a number field. As in the introduction, we define a morphism f c : A 1 K → A 1 K for any c ∈ K by the formula f c (x) = x 2 + c. We could view f c as an endomorphism of P 1 K , but the point at infinity is totally invariant for this type of morphism and, thus, dynamically uninteresting. Fix a point a ∈ K and a positive integer N . Define an algebraic set
If Y pre (N, a) is geometrically irreducible, we define the N th pre-image curve, denoted X pre (N, a), to be the unique complete curve birational to Y pre (N, a).
Definition 2.1. We say a is an N th critical value of f c if 
We recall the following theorem. (a) The projective closure of the image of ψ is a complete intersection of quadrics with homogenous ideal
The points of V (J) on the hyperplane Z N = 0 have homogeneous coordinates
In particular, there are 2 N −1 of them. Moreover, they are all nonsingular points of V (J). Definition 2.4. We define the N th pre-image surface X pre (N ) as the surface fibered over P 1 K by a. The fiber over a is given by X pre (N, a) if Y pre (N, a) is geometrically irreducible and V (J) otherwise. In particular, for each a ∈ K not a critical value of f c , we get a nonsingular curve in
Note that for a fixed a 0 , the affine points (x 0 , c 0 , 1) on the curve X pre (N, a 0 ) are in bijection with the N th pre-images
We will consider the N th pre-image surfaces in the language of function fields. In particular, consider the function field K(a) which is comprised of all rational functions in a with K-rational coefficients. In particular, we consider the surfaces defined as
. The genus formula (Theorem 2.2) applies to each fiber for which Y pre (N, a) is nonsingular and geometrically irreducible. In particular, X pre (1) and X pre (2) have fibers of genus 0, X pre (3) has fibers of genus 1, and X pre (N ) for N ≥ 4 has fibers of genus > 1 (with finitely many exceptional fibers for each N ). Therefore, for N > 3 and all but finitely many a ∈ K, it follows from Falting's theorem that there are only finitely many points (x, c) ∈ X pre (N, a). Thus, except for the finitely many a values, the N th pre-images for N > 3 have no contribution to κ(a). This premise is the content of Corollary 4.2 and the rest of Section 4 addresses the exceptional a values.
Throughout this article we discuss arrangements of pre-images. For example, by a 222 arrangement we mean that there are two rational first pre-images, (at least) two rational second pre-images, and (at least) two rational third pre-images. Similarly, a 2424 arrangement has two rational first pre-images, four rational second pre-images, (at least) 2 rational third pre-images, and (at least) four rational fourth pre-images. Note that any 226 arrangement would have to be part of a 246 arrangement since the forward image of a rational point is still a rational point.
Arrangements of Six Pre-Images
By examining the arrangements of six pre-images we are able to prove the following lower bound for κ(a).
Theorem 3.1. Let K be a number field. There is a finite set S such that
Proof. The 22 curve over the function field K(a) is the curve whose points correspond to two rational first pre-images and (at least) two rational second pre-images. It has fibers of genus 0 [4] and at least one Q-rational section for each choice of a, (1, 1, 0). Thus, each fiber has infinitely many rational points and κ(a) ≥ 4. Theorem 3.3 shows that the 222 surface has generic rank at least 2 (exactly 2 over Q). Theorem 3.2 shows that the 24 surface has generic rank 0 over Q. Let S be the (possibly empty) set of a values for which both the 222 and 24 surface specialize to rank 0. By [13] the set of a values where the 222 surface has rank 0 is finite and thus, S is finite. If a ∈ S ∩ K, κ(a) = 4, otherwise κ(a) ≥ 6.
3.1. Second Pre-Images. We consider the situation where the pre-image tree is full to the second level. In other words, two rational first pre-images and four rational second pre-images,
We can define this curve over the function field K(a) as
The fibers (when nonsingular) have genus one with at least one rational section (1, 1, 1, 0) so we can produce a minimal Weierstrass model (using Magma [2] ) as an elliptic curve over the function field K(a) as E 24 (a) :
The only fibers which are not elliptic curves are a = 0 and a = − Proof. We use [15, Main Theorem] to see that the rank over Q(a) is zero. We compute the Kodaira symbols in Magma to get
. From row 72 in the table [15] we have that the rank of E 24 (a)(Q(a)) is zero. Examining the torsion, we see that the point (2, 8a + 2, 1) has order 4 and the specialization E 24 (1)(Q) has torsion subgroup Z/4Z. Since the specialization map is injective on torsion on all nonsingular fibers, E 24 (a) has torsion subgroup exactly Z/4Z.
3.2.
Third Pre-Images. From Theorem 2.3 we see that the elliptic surface parameterizing third pre-images of a over the function field K(a) is given by
Using the cuspidal point (−1, 1, 1, 0) from Theorem 2.3 as the section at infinity we can find a minimal model in Magma as with j-invariant j(a) = (16a 2 + 3) 2 (4a + 1) 2 (256a 3 + 368a 2 + 104a + 23) and discriminant ∆(a) = (4a + 1) 2 (256a 3 + 368a 2 + 104a + 23).
As expected, the only fibers which are not elliptic curves are the fibers over a = −1/4 and the three 3 rd critical values. This is in fact a rational elliptic surface since it has a Weierstrass model satisfying deg(a i ) ≤ i for a i the coefficients of an elliptic curve in Weierstrass form [17, page 237] .
Theorem 3.3. E 222 (a)(Q(a)) has rank 2 generated by the two independent sections P (a) = − 262 13 , 32a + 8, 1 and Q(a) = − 366 13 , 32a + 8, 1 .
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Proof. We use [15, Main Theorem] to see that the rank over Q(a) is exactly two. We compute the Kodaira symbols in Magma to get
From row 30 in the table [15] we have that the rank of E 222 (a)(Q(a)) = 2. Since the specialization map is injective on torsion on all fibers where E 222 is nonsingular, and the specialization E 222 (0) has no torsion, there are no rational torsion sections. We can see P (a) and Q(a) are actually the generators by finding a specialization E 222 (a 0 ) which is rank 2 with generators P (a 0 ) and Q(a 0 In terms of P (4) and Q(4) these are P (4) and P (4) + Q(4).
Thus, P (4) and Q(4) generate the Mordell-Weil group E 222 (4) and, hence, P (a) and Q(a) generate the Mordell-Weil group of E 222 (a).
Arrangements of Eight or More Pre-Images
We examine when the genus of the fibers of pre-image surfaces of various arrangements of 2N pre-images is greater than 1 and, thus, by Falting's theorem have a finite number of rational points over an algebraic number field. In particular, if every 2N arrangement has genus greater than 1 for some N , then κ(a) < 2N . The difficulty lies in determining the genus when the fiber is singular. We treat the nonsingular case in the following theorem. Proof. A complete intersection in P m is defined as a subscheme Y of P m whose homogeneous ideal I can be generated by r = codim(Y, P m ) elements [6, Exercise II.8.4]. Each surface arranging 2N points can be described by the equations f c (z 1 ) = a and f c (z i ) = (−1) ǫ z j for 2 ≤ i ≤ N where 1 ≤ j < N and ǫ = ±1 depending on the arrangment of points. Homogenizing and eliminating c from this system of equations describes each fiber as a curve defined by N − 1 degree two hypersurfaces in P N and, hence, a complete intersection. From [8, §22] or [1, Corollary 2] we get a formula for the arithmetic genus of a complete intersection of N − 1 degree two hypersurfaces in P N as
where φ N (z) comes from the Hilbert polynomial of the 2N curve and is given by
Since the arithmetic genus is equal to the geometric genus for nonsingular curves [6, Proposition IV.1.1], the genus is independent of the arrangement of the pre-images and from [4, Theorem 1.5] we get the simpler formula g = (N − 3)2 N −2 + 1.
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Corollary 4.2. If the curve (fiber) defining an arrangement of 2N rational pre-images of a is nonsingular, then the genus is greater than 1 for 2N ≥ 8.
We have thus reduced the computation of κ(a, K) to checking a values where the fiber is singular for arrangements with 8 (or more) rational pre-images (224, 242, 2222). The method is as follows.
(a) Using the Jacobian criterion, determine all of the singular fibers (a values).
(b) Determine the δ-invariants of each singular point to determine the genus of each singular fiber. Recall that the δ-invariant of a singularity P is defined as
where the sum ranges over the infinitely near points of P and m Q are their multiplicities. See [16, Section 3.2] for the basic definitions and the case of plane curves and [3, Section 9.2, Theorem 7] for a more general discussion. As the singularity analysis computations are identical in form for all of the singularities, we outline the method, include the first such computation, and omit the details for the other singularities. The singularity analysis proceeds as follows.
(a) Let C ⊆ P N be a singular curve with singular point P . We move P to (0, . . . , 0, 1) and dehomogenize. 
fc a a h h h h h h h h
Every other 224 arrangement differs only by renaming, so this is the only distinct 224 arrangement. The curve is defined by three degree two equations in P 4 as
The a values for which the fiber of the 224 surface is singular are given by
where a 1 , a 2 , a 3 are the three 3 rd critical values of f c
Proof. We apply the Jacobian criterion to determine the singular points. For each singular point, we can determine the associated a value(s). Examining the hyperplane at infinity z = 0 we have the 8 cuspidal points (±1, ±1, ±1, 1, 0) ∈ P 4 . To check the singularity of these points, we use the Jacobian criterion on the affine chart A 4 q =0 with generators
to have the Jacobian matrix at z = 0 
The determinant of one such maximal minor is −8rst, and since r, s, t = 0, this is nonzero, so the cuspidal points are all nonsingular. Now we consider the points in the affine chart A 4 z =0 which has generators
The Jacobian matrix is given by Proof. There is one singular point for a = 0 and four singular points for each a i . In all cases δ P = 1 so the genus drops by 1 for each singular point. We now compute the δ-invariant of one of the singular points for a 1 . The 224 curve for a 1 is defined as
and if α is a root of 4x 3 + 6x 2 + 2x + 1 then
We label the coordinates as (q, r, s, t, z) and the singular point is
where
We move P to (0, 0, 0, 0, 1) with a translation (q, r, s, t, z) → (q, r − βz, s + αz, t + (α 2 + α)z)
to get a new curve C and singular point P = (0, 0, 0, 0, 1). We dehomogenize to affine coordinates (Q, R, S, T ) = 
Notice that the second equation of (1) implies the first using the degree 4 polynomial satisfied by α. Thus, the tangent space is given by
Since we want to project C to a plane curve preserving the tangent space at P we define
with inverse
and make the change of variables (Q, R, S, T ) → (Q, R, u, v) to get a new curve C ′ and point P ′ . The tangent space at P ′ is given by u = v = 0. We now project C ′ onto a plane curve in the QR-plane. To project we eliminate the variables u, v from the three defining equations of C ′ to get the single equation
defining a plane curve in A 2 with variables (Q, R). Notice that the only points of the form (0, 0, u, v) on C ′ is the point (0, 0, 0, 0) (in the other words, the singular point is the only point that projects onto (0, 0)), so we proceed with analyzing the plane curve singularity (0, 0). Blowing-up once resolves the singularity and we see that it has multiplicity 2. So we compute
A similar analysis is done on all of the other singularities to get δ P = 1 for all P for all a ∈ {0, a 1 , a 2 , a 3 }. Hence, we have
4.2.
Every other 242 arrangement differs only by renaming, so this is the only distinct 242 arrangement. The surface is defined by 3 degree two equations in P 4 as
The a values for which the fiber of the 242 surface is singular are given by
where a 1 , a 2 , a 3 are the three 3 rd critical values of f c .
Proof. We apply the Jacobian criterion to determine the singular points. For each singular point, we can determine the associated a value(s). Examining the hyperplane at infinity, z = 0, we have the 8 cuspidal points (±1, ±1, ±1, 1, 0) ∈ P 4 . To check the singularity of these points, we use the Jacobian criterion on the affine chart A 4 q =0 with generators
The Jacobian matrix at z = 0 is given by 
The determinant of one maximal minor is −8sut, and since s, u, t = 0, this is nonzero, so the cuspidal points are all nonsingular. Now we consider the points in the affine chart A 4 z =0 which has generators
The Jacobian matrix is given by  Proof. We proceed as in the proof of Theorem 4.4 for analyzing the singularities.
For a = 0 there is one singularity that required two blow-ups to resolve and we get multiplicity 2 for both of the infinitely near points and, hence, δ P = For a ∈ {a 4,i } there are two singular points, one of which is (0, 1, 0) and the other depends on a. The (0, 1, 0) point has δ P = 100 and the point has δ P = 1 for a final genus of and any algebraic number field K there are only finitely many c ∈ K for which there are at least two K-rational 4 th pre-images of a. 
where s is a 2 nd pre-image of a for which s 2 + c = t and t 2 + c = a and an equation of the form
where u is a 2 nd pre-image of a for which u 2 + c = −t. After splitting the pre-image curves into their distinct irreducible components we can again proceed with genus calculations. Using Magma, we see that the 244 curve is a rank 1 elliptic curve over Q isomorphic to
so has infinitely many rational points. Therefore, there are infinitely many c with 10 rational pre-images of − We are now ready to prove Theorem 1.3.
Proof. The case a = − 1 4 was covered in Theorem 4.9. For a a third critical value we have genus 1 for the 224 curve and, hence, for a large enough extension of Q it has positive rank and infinitely many rational points. Also, it has no Q-rational points. The 242 curve has genus greater than 1 and, hence, has only finitely many rational points. Thus, for κ(a, K) to be at least 10 there must be infinitely many rational points on a curve corresponding to an arrangement with rational 4 th pre-images, which is not possible by Corollary 4.8. So it is possible for κ(a, K) to be either 6 or 8 depending on the field.
For all other values of a we have the genus of the 224 and 242 curves are greater than 1 and, hence, have only finitely many rational points. Any arrangement with more points must contain one of these two arrangements, hence κ(a, K) ≤ 6. Theorem 3.3 shows that the 222 surface has generic rank 2 and [13] shows that the set of a where the rank is 0 is finite. Every a value for which both E 222 and E 24 specialize to rank 0 has κ(a) = 4, otherwise κ(a) = 6.
Other Properties of Pre-Image Surfaces
In this section we collect some additional properties of the pre-images surfaces that are tangential to the proof of Theorem 1.3, yet still of interest.
6.1. Parametrization of Torsion Subgroups of E 24 . Recall that Mazur's Theorem [14] gives a description of the possible torsion subgroups of elliptic curves over Q and that the specialization map is injective on nonsingular fibers. These facts combined with Theorem 3.2 implies that the possible torsion subgroups for a nonsingular specialization of E 24 (a) must be isomorphic to one of the following groups:
{Z/2Z × Z/4Z, Z/2Z × Z/8Z, Z/4Z, Z/8Z, Z/12Z}.
We characterize the a values giving rise to a specialization with each of these possible torsion subgroups in the following theorem. Theorem 6.1.
(a) E 24 (a)(Q) contains a subgroup isomorphic to Z/2Z × Z/4Z if and only if a = −t 2 for t ∈ Q\ 0, ± 1 2 .
(b) E 24 (a)(Q) contains a subgroup isomorphic to Z/8Z if and only if a = t 2 (t 2 − 2) 4 for t ∈ Q\{0, ±1}.
(c) E 24 (a)(Q) contains a subgroup isomorphic to Z/2Z × Z/8Z if and only if a = − (4t 2 − 4t − 1) 2 (4t 2 + 4t − 1) 2 4(4t 2 + 1) 4 for t ∈ Q\ 0, ± 1 2 .
(d) E 24 (a)(Q) contains a subgroup isomorphic to Z/12Z if and only if a = (13691470144t 2 − 235376t + 1)(13903463744t 2 − 235376t + 1) 3 9527265101250297856000000t 6 (117688t − 1) 2 for t ∈ Q\ 0, 1 117688 .
Proof.
